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Abstract
In his approach to analytic number theory C. Deninger has suggested that to the Riemann zeta function
ζˆ (s) (resp. the zeta function ζY (s) of a smooth projective curve Y over a finite field Fq , q = pf )) one could
possibly associate a foliated Riemannian laminated space (SQ,F , g,φt ) (resp. (SY ,F , g,φt )) endowed
with an action of a flow φt whose primitive compact orbits should correspond to the primes of Q (resp. Y ).
Precise conjectures were stated in our report [E. Leichtnam, An invitation to Deninger’s work on arithmetic
zeta functions, in: Geometry, Spectral Theory, Groups, and Dynamics, in: Contemp. Math. vol. 387, Amer.
Math. Soc., Providence, RI, 2005, pp. 201–236] on Deninger’s work. The existence of such a foliated space
and flow φt is still unknown except when Y is an elliptic curve (see Deninger [C. Deninger, On the nature
of explicit formulas in analytic number theory, a simple example, in: Number Theoretic Methods, Iizuka,
2001, in: Dev. Math., vol. 8, Kluwer Acad. Publ., Dordrecht, 2002, pp. 97–118]). Being motivated by this
latter case, we introduce a class of foliated laminated spaces (S = L×R+∗
qZ
,F , g,φt ) where L is locally
D ×Zmp , D being an open disk of C. Assuming that the leafwise harmonic forms on L are locally constant
transversally, we prove a Lefschetz trace formula for the flow φt acting on the leafwise Hodge cohomology
H
j
τ (0  j  2) of (S,F) that is very similar to the explicit formula for the zeta function of a (general)
smooth curve over Fq . We also prove that the eigenvalues of the infinitesimal generator of the action of φt
on H 1τ have real part equal to 12 .
Moreover, we suggest in a precise way that the flow φt should be induced by a renormalization group
flow “à la K. Wilson”. We show that when Y is an elliptic curve over Fq this is indeed the case. It would
be very interesting to establish a precise connection between our results and those of Connes (p. 553 in
[A. Connes, Noncommutative Geometry Year 2000, in: Special Volume GAFA 2000 Part II, pp. 481–559],
p. 90 in [A. Connes, Symétries Galoisiennes et Renormalisation, in: Séminaire Bourbaphy, Octobre 2002,
pp. 75–91]) and Connes–Marcolli [A. Connes, M. Marcolli, Q-lattices: quantum statistical mechanics and
E-mail address: leicht@math.jussieu.fr.0007-4497/$ – see front matter © 2006 Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.bulsci.2006.11.001
E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669 639Galois theory, in: Frontiers in Number Theory, Physics and Geometry, vol. I, Springer-Verlag, 2006, pp.
269–350; A. Connes, M. Marcolli, From physics to number theory via noncommutative geometry. Part II:
renormalization, the Riemann–Hilbert correspondence, and motivic Galois theory, in: Frontiers in Number
Theory, Physics and Geometry, vol. II, Springer-Verlag, 2006, pp. 617–713] on the Galois interpretation of
the renormalization group.
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1. Introduction
Several papers (see [14,15,17–19]) of Deninger lead to suggest that to the Riemann zeta func-
tion ζˆ (s) one could possibly associate the following two data:
(1) A Riemannian foliated space of the form(
SQ = L× R
+∗
Q+∗
∪ L
Q+∗
,F , g
)
where L is a σ -compact complex 1-dimensional laminated space on which Q+∗ acts. The path
connected components of L induce a foliation of L×R+∗
Q+∗ by Riemann surfaces and g is a leafwise
Kaehler metric.
(2) A flow φt acting on (SQ = L×R+∗Q+∗ ∪ LQ+∗ ,F) whose primitive closed orbits correspond to
the primes of Q and admitting a fixed point in L
Q+∗ . The action of φ
t on the L-leaf space R+∗
Q+∗ ∪
{pt} should be given by φt ([x]) = [e−t x] and φt (pt) = pt. Moreover (φt )∗[λg] = et [λg] where
[λg] denotes the reduced leafwise cohomology class of the leafwise Kaehler form associated to g.
The quotient L
Q+∗ allows to compactify the space
L×R+∗
Q+∗ . For more precise informations and
axioms see [25] or even Section 3. Notice that the existence of such a quadruple (SQ,F , g,φt ) is
still unknown. Recall that Alain Connes [6] has reduced the validity of the Riemann hypothesis
to a trace formula (of Lefschetz type) on the quotient space Af ×R
Q∗ . Notice nevertheless that
Af ×R
Q∗
does not satisfy the properties required for (SQ,F , g,φt ).
It is natural to guess that the action of φt on SQ should be induced by the action on L× R+∗
of a flow still denoted φt . Given the previous property (2) above, one is lead to search a flow of
the form
φt (l, x)= (ψtx(l), xe−t), ∀(l, x) ∈ L× R+∗.
But if we write ψtx = Rx,x e−t then we recognize the general scheme of the method of renormal-
ization group “à la K. Wilson” [13, p. 554], where Rx,x e−t should act on a space L of lagrangians.
We noticed this point in 2002 when we were preparing our lectures (on which [25] is based) on
Deninger’s work for Bar Ilan University.
Then we are lead to guess that a similar picture should exist for the zeta function of a smooth
projective curve Y over Fq . Namely that there should exists a Riemannian foliated laminated
space (SY ,F , g,φt ) where φt should be a renormalization group flow whose primitive closed
orbits should correspond to the closed points of Y .
In Section 2 we consider the case of an elliptic curve E0 and the Riemannian foliated lam-
inated space (S(E0),F , g,φt ) constructed by Deninger. Then we show that (S(E0),F , g,φt )
640 E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669can be interpreted as a renormalization group flow. Now we motivate our main result and explain
its main context. Recall that the following explicit formula is satisfied for the zeta function ζY (s)
of Y . Let α ∈ C∞c (R,R). Then:∑
ν∈Z
∫
R
α(t)e
t ( 2iπνlogq ) dt −
2g∑
j=1
∑
ν∈Z
∫
R
α(t)e
t (ρj+ 2iπνlogq ) dt +
∑
ν∈Z
∫
R
α(t)e
t (1+ 2iπνlogq ) dt
= (2 − 2g)α(0) logq +
∑
γ
∑
k1
l(γ )
(
e−kl(γ )α
(−kl(γ ))+ α(kl(γ ))) (1)
where the (ρj + 2iπνlogq ) run over the zeroes of ζY and the γ (with norm el(γ )) run over the closed
points of Y . As pointed out by Deninger, the dis-symmetry of the coefficients of α(−kl(γ ))
and α(kl(γ )) in the right-hand side is of arithmetic nature. It arises when one tries to intertwine
the functional equation (addition) and the Eulerian product (multiplication) in the proof of the
explicit formula (1).
Deninger has suggested that it might be possible to interpret the above formula as a Lefschetz
trace formula. Having in mind in fact the case of number fields, he made interesting remarks on
dynamical Lefschetz trace formulas on laminated foliated spaces see [17, Section 5].
Consider briefly the case of a compact connected three dimensional manifold X endowed with
a codimension one foliation (X,F). Assume that (X,F) is endowed with a flow φt which acts
transversally and whose closed orbits of φt are simple, thus (X,F) is Riemannian. Let πjτ denote
the projection onto the leafwise Hodge cohomology Hjτ (0  j  2). Then Alvarez-Lopez and
Kordyukov [1] have proved the following Lefschetz trace formula:
2∑
j=0
(−1)jTR
∫
R
α(s)πjτ ◦ (φs)∗ ◦ πjτ ds
= χΛα(0)+
∑
γ
∑
k1
l(γ )
(
−kα
(−kl(γ ))+ kα(kl(γ )))
where γ runs over the primitive closed orbits of φt , ±k = sign det
(
id−Dφ±kl(γ )|TyF
)
, y ∈ γ and
TR denotes the (usual) trace of trace class operators. Notice that here there is no dis-symmetry
for the coefficients of α(−kl(γ )) and α(kl(γ )). The reason for this absence of dis-symmetry is
due to the Guillemin–Sternberg formula [22] which states that the geometric contribution of a
closed orbit ±kγ should be:
l(γ )α
(±kl(γ )) 2∑
j=0
(−1)j Tr((Dφ
±kl(γ ))∗ :∧jT∗yF 	→ ∧jT∗yF)
|det(id−Dφ±kl(γ )|TyF )|
where y is any point on γ . In Lemma 5 of Section 2.4 we shall provide in the case of an elliptic
curve E0 over Fq a dynamical explanation of this dis-symmetry pointing out the role of the p-
adic transversal in S(E0). This will lead us to propose a list of four assumptions in Section 3 for
a Riemannian foliated laminated space(
S = L× R
+∗
qZ
,F , g,φt
)
where L is locally of the form D×Zmp , D is a disk of C. The leaves of S are induced by C×{x}
where C is a path connected component of L. Assumption (iv) states that the elements of the
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p-adic transversal Zmp . It implies that the vector space H1L is of finite even dimension 2g. This
assumption is of course satisfied by the foliated space (S(E0),F) of Section 2 but we do not
know if there are any example which satisfies this assumption with g  2, see the remark before
Lemma 6. Anyway, we are forced to use this assumption for the following two reasons. First if
we want for (S = L×R+∗
qZ
,F , g,φt ) a Lefschetz trace formula of the type (1) then it seems that
we need H1L to be of finite dimension 2g. Second, we shall need the following operator∫
R
α(s)(φt )∗ ds ◦ πjτ
to be trace class. Morally to πjτ (resp.
∫
R
α(s)(φt )∗ds) corresponds a regularizing process along
the leaves [C × {x}] of S (resp. the integral curves of φt ). But ∫
R
α(s)(φt )∗ ds ◦ πjτ does not
involve any regularizing process along the p-adic transversal Zmp . Therefore, unless assumption
(iv) is satisfied we see no reason why ∫
R
α(s)(φt )∗ds ◦ πjτ should be trace class.
Then, our main result is Theorem 2. It proves a Lefschetz trace formula similar to (1) and
shows that the eigenvalues of the infinitesimal generator of π1τ ◦ (φt )∗ acting on the leafwise
Hodge cohomology H 1τ have real part equal to 12 . Our main new ingredient is the transver-
sal p-adic laplacian p,T on L (see Definition 5). The intrinsic meaning of assumption (iv) is
the inclusion H1L ⊂ kerp,T . Moreover, assumption (iv) allows to use a “contraction process”
along the p-adic transversal of S (see Definition 7). Then we use in essential way results of
Alvarez-Lopez and Kordyukov since in some sense our foliated laminated spaces are closed to
Riemannian foliations. Even in the case of an elliptic curve E0, it seems of some interest to pro-
vide a proof of (1) à la Atiyah–Bott–Lefschetz and the new ingredients introduced here should
be useful in other contexts.
We also show (Proposition 2) that the von Neumann algebra W(S,F)φt R, which describes
the non-commutative space of closed points, is of type III 1
q
. This matches with Connes’s ap-
proach (see [6,25]).
In a future paper [26] we shall try to propose a list of axioms that a Riemannian foliated
laminated space (SQ,F , g,φt ) should satisfy in order to get a Lefschetz trace formula that should
be analogous to the explicit formula for the Riemann Zeta function.
Now we try to explain why there should exist a connection with the work of Connes–Marcolli.
Let K be a local field with residue class field the finite field Fq, let f : z → zq be the canonical
generator of the Galois group of Fq over Fq . Then local class field theory shows that the Galois
group of the maximal unramified extension of K admits a dense subgroup which is naturally
isomorphic to {f k, k ∈ Z}. Now let Y be a smooth projective variety over Fq , then (see [27,
p. 292]) the automorphism Id ⊗ f of Y = Y ×Fq Fq is called the arithmetic Frobenius. On the
other hand, the geometric Frobenius F :Y → Y is the Fq -morphism sending the point P with
coordinates (ai), ai ∈ Fq, to the point F(P ) with coordinates (aqi ). The action of (Id ⊗ f )−1 on
l-adic cohomology coincides with the action of the geometric Frobenius F (see [27, p. 292]).
On the other hand, A. Connes ([7, p. 553], [8, p. 90]) has suggested that R+∗, as part of
the renormalization group, should play the role of the missing (unramified) Galois group at the
archimedean place of Q. A. Connes is motivated by an unramified local class field analogy
and his classification of type III-factors. Moreover, Connes–Marcolli [12] have shown that the
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(QFT’s). This seems reminiscent of a continuous version of Id⊗f .
We suggest that the scaling group flow φt , in (S,F , g,φt ) as above, corresponds to a contin-
uous version of F and that Connes’s suggestion corresponds to a continuous version of Id⊗f .
It would be interesting to establish a precise connection between these two continuous notions
of Frobenius by providing an ambiguity Galois group interpretation of φt . The results of [11,12]
should be very helpful with this respect. Moreover, this should allow to decide if to a smooth
curve Y over Fq one can (or cannot) associate a foliated space (SY ,F , g,φt ) satisfying the four
assumptions of Section 3 and such that the primitive closed orbits of φt should correspond to
the closed points of Y . It is also tempting to try to establish a connection with Haran’s recent
approach [23].
2. The case of an elliptic curve E0 over Fq
2.1. The zeta function ζE0(s) and the explicit formula
Let E0 be an elliptic curve over a finite field Fq . Recall that the zeta function ζE0(s) of E0 is
given by:
ζE0(s)=
∏
w∈|E0|
1
1 − (Nw)−s =
(1 − ξq−s)(1 − ξq−s)
(1 − q−s)(1 − q1−s) (2)
where |E0| denotes the set of closed points of E0 and ξ is a complex number which by Hasse’s
theorem satisfies |ξ | = √q . The explicit formula for ζE0(s) takes the following form. Let α ∈
C∞c (R,R) and set for any real s,
Φ(s)=
∫
R
estα(t) dt.
Then, one has:∑
ν∈Z
Φ
(
2πνi
logq
)
−
∑
ρ∈ζ−1E0 {0}
Φ(ρ)+
∑
ν∈Z
Φ
(
1 + 2πνi
logq
)
=
∑
w∈|E0|
logNw
(∑
k1
α(k logNw)+
∑
k−1
(Nw)kα(k logNw)
)
. (3)
The idea of the proof is to apply the residue theorem to
s →
( +∞∫
0
√
tα(log t)t s
dt
t
)
ζ ′E0
ζE0
(s)
and to use the functional equation ζE0(s)= ζE0(1− s). At the end of this section we shall explain
briefly how Deninger managed (see [19] for the details) to interpret this explicit formula (3) as a
Lefschetz trace formula.
2.2. The Riemannian laminated foliated space (S(E0),F , g,φt )
Let φ0 :E0 → E0 be the qth power Frobenius endomorphism of E0 over Fq . Deninger has
used (see [19]) the following result due to Oort [28]:
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(1) a complete local integral domain R with field of fractions L a finite extension of Qp (q = pr)
such that R/M= Fq where M is the maximal ideal of R;
(2) an elliptic curve E over spec R together with an endomorphism φ :E → E such that:
(E, φ)⊗ Fq = (E0, φ0).
So (E, φ) is a lift of (E0, φ0) in characteristic zero.
Remark 1. (1) If the elliptic curve E0 is ordinary, then one may take for R the ring of Witt
vectors of Fq , W(Fq), and then there is a canonical choice of the lifting (E, φ). On the contrary,
if E0 is supersingular [31, p. 137], then there is no canonical choice of (E, φ).
(2) It is possible to lift a curve of genus  2 (over Fq ) in characteristic zero, but Hurwitz’s
formula [31, p. 41] shows that one cannot lift its Frobenius morphism.
Now (still following [19]), we denote by E = E⊗R L the generic fibre. Then EndL(E)⊗Q =
K is a field K which is either Q or an imaginary quadratic extension of Q. We fix an embedding
L⊂ C and consider the complex analytic elliptic curve E(C). Let ω be a non-zero holomorphic
one form on E(C) and let Γ be its period lattice. Then the Abel–Jacobi map:
E(C)→ C/Γ, p →
p∫
0
ω mod Γ
induces an isomorphism. Next we choose the embedding K ⊂ C such that for any α ∈ K , Θ(α)
induces the multiplication by α on the Lie algebra C of C/Γ where Θ is the natural homomor-
phism:
Θ :K = EndL(E)⊗ Q → End(C/Γ )⊗ Q.
Next we consider the unique element ξ ∈Θ−1(EndL(E))⊂K such that Θ(ξ)= φ⊗L. By con-
struction one has ξΓ ⊂ Γ and the complex elliptic curve C/Γ endowed with the multiplication
by ξ represents a lift of (E0, φ0). Now, we set
V =
⋃
n∈N
ξ−nΓ, TΓ = lim+∞←n
Γ
ξnΓ
, and VξΓ = TΓ ⊗Z Q.
The set TΓ is a Tate module defined by a projective limit and VξΓ is a Qp-vector space of
dimension 1 (resp. 2) if ξ /∈ Z (resp ξ ∈ Z).
Any element v of V acts on C × VξΓ by v.(z, vˆ) = (z + v, vˆ − v), we denote by C×VξΓV the
quotient space.
Lemma 2. (1) Let F be a finite set of representatives in Γ of the quotient group Γ
ξΓ
. Then any ele-
ment of VξΓ is of the form
∑
l−k alξ l where k ∈ N and the al ∈ F . Moreover the multiplication
by ξ defines an automorphism of VξΓ .
(2) The natural homomorphism:
C × TΓ
Γ
→ C × VξΓ
V
defines a {ξ l, l ∈ Z}-equivariant isomorphism where the action of ξ is induced by the diagonal
action on C × TΓ and C × VξΓ respectively.
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Bezout’s theorem one checks that a prime number pˆ not dividing q (i.e. = p) induces by multipli-
cation an automorphism of TΓ . If ξ /∈ Z then the elliptic curve C/Γ has complex multiplication
and its endomorphism ring is invariant under complex multiplication. So, in all cases, we have
ξΓ ⊂ Γ . Then using the equality ξξ = q one gets the results of (1). Part (2) is now easy and left
to the reader. 
Now, any element qν ∈ qZ acts on C×VξΓ
V
× R+∗ by
qν.
([z, vˆ], x)= ([ξνz, ξν vˆ], xqν).
In [19], Deninger has introduced the (compact) laminated Riemannian foliated space (S(E0),F)
where
S(E0)= C × VξΓ
V
×qZ R+∗,
and the leaves of F are the images of the sets C × {vˆ} × {x} by the natural map π : C × VξΓ ×
R+∗ → S(E0). Observe that the domain of a typical foliation chart is locally isomorphic to
D × Ω×]1,2[ where D is an open disk of C, Ω is an open subset of TΓ so that the leaves are
given by D × {ω} × {x} for (ω, x) ∈ Ω×]1,2[; the term “laminated” refers to the fact that the
local transversal to the foliation F is the disconnected space Ω×]1,2[.
Remark 2. Using the fact that V (resp. qZ) acts freely on VξΓ (resp. R+∗), the reader will check
that (S(E0),F) has trivial holonomy.
One defines a flow φt acting on (S(E0),F) and sending each leaf into another leaf by:
φt (z, vˆ, x) = (z, vˆ, xe−t ). Let μξ denote a Haar measure on the group VξΓ then, one has the
following
Lemma 3. [19] (1) The measure
dx1 dx2 ⊗μξ ⊗ dx
x
on C × VξΓ × R+∗ induces a measure μ on S(E0).
(2) The measure μ is invariant under the action of φt .
Proof. (1) We just have to check that for any ν ∈ N∗ and any Borel subset A of VξΓ , one has
μξ (ξ
νA)= |ξ |−2νμξ (A) = q−νμξ (A).
Since (ξν)∗μξ is also a Haar measure on VξΓ it suffices to check this equality for A = TΓ . But
this is an immediate consequence of the fact that
TΓ/(ξνTΓ ) Γ/(ξνΓ )
has |ξ |2ν = qν elements.
(2) This is obvious. 
Using the fact that |ξ | = √q , one checks that the Riemannian metric on the bundle TC ×
VξΓ × R+∗ given by:
gz,vˆ,x(η1, η2)= x−1Re(η1η2)
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satisfied:
∀η ∈ T[z,vˆ,x]F , g
(
T[z,vˆ,x]φt (η),T[z,vˆ,x]φt (η)
)= etg(η, η). (4)
2.3. Interpretation of (S(E0),F , g,φt ) as a renormalization group flow
Now, recall that the additive group (C,+) is identified to its dual (Ĉ,×) in the following way.
For each character χ ∈ Ĉ one can find one and only one complex number α such that:
z ∈ C → 〈χ; z〉 = e
√−1(αz+αz) ∈ S1. (5)
We set G = C×TΓ
Γ
, since G is a quotient of C × TΓ , one checks that Ĝ can be identified to a
subgroup of C × T̂Γ . Let Γ ∗ denote the dual lattice of Γ :
Γ ∗ = {z ∈ C/∀γ ∈ Γ, (z;γ )= zγ +zγ ∈ 2πZ}.
Lemma 4. (1) One has a natural group isomorphism: T̂Γ 
⋃
n∈N(ξnΓ )∗
Γ ∗ .
(2) Let π denote the projection map π :⋃n∈N(ξnΓ )∗ 	→ ⋃n∈N(ξnΓ )∗Γ ∗ . Then one has Ĝ =
{(z,π(z)) ∈⋃n∈N(ξnΓ )∗ × T̂Γ }.
Proof. (1) We fix a set F of representatives in Γ of the quotient group Γ
ξΓ
which has exactly
q = |ξ |2 elements. Notice that for any (ak)k∈N ∈ FN the series ∑k∈N akξk converges in TΓ and
that each element of TΓ is of the form
∑
k∈N,ak∈F akξ
k
. Recall that Γ is dense in the compact
abelian group TΓ and that a fundamental system of open neighborhoods of 0 ∈ TΓ is provided
by the subsets On = {∑kn akξk/∀k  n, ak ∈ F }. Now, let χ be any character of Γ then there
exists α ∈ C such that
∀γ ∈ Γ, 〈χ;γ 〉 = e
√−1(αγ+αγ ) ∈ S1.
In fact α is defined in C
Γ ∗ . Notice that χ extends to a character of TΓ if and only if χ ≡ 1 onOn for a suitable n  1. Therefore χ defines a character of TΓ if and only if α ∈ (ξnΓ )∗ for a
suitable n 1 and the result follows.
(2) An element of Ĝ is defined by a couple (χ1, χ2) ∈ Ĉ× T̂Γ such that (χ1)|Γ = (χ2)|Γ and
χ1 is defined by α ∈ C as in (5). According to part 1], (χ1)|Γ extends to a character of TΓ if and
only if α ∈⋃n∈N(ξnΓ )∗ and the result follows. 
Corollary 1. One has the following group isomorphism:
C × T̂Γ
Ĝ
 C
Γ ∗
.
Proof. We fix a setR⊂⋃n∈N(ξnΓ )∗ of representatives of ⋃n∈N(ξnΓ )∗Γ ∗ . Let (u, v) ∈ C× T̂Γ , so
we can find z ∈R such that π(z)= −v. According to Lemma 4(2), (z,π(z)) ∈ Ĝ and (z,π(z)) ·
(u, v) = (u + z,0). Then for any γ ∈ Γ ∗ one has: (γ,π(γ )) · (u + z,0) = (u + z + γ,0). Now
the result follows immediately. 
Now recall that
S(E0)= C × TΓ ×qZ R+∗Γ
646 E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669and the action of φt on S(E0) is given by φt ([z, vˆ, x]) = [z, vˆ, xe−t ]. The following proposi-
tion provides an interpretation of (S(E0),F , g,φt ) as a renormalization group flow for suitable
quantum field theories defined over C
Γ ∗ .
Proposition 1. The set G = C×TΓ
Γ
defines in a natural way a set of free lagrangians on C
Γ ∗ (i.e.
on which the renormalization semi-group Rx,xe−t acts trivially, see Appendix A).
Proof. Observe that Ĝ is a discrete subgroup of C× T̂Γ and thus acts on C× T̂Γ by translation.
According to Corollary 1, C × T̂Γ appears as a Ĝ-principal bundle over the space C×T̂Γ
Ĝ
 C
Γ ∗ .
Let h ∈ ĜG, then consider the fiber product Eh = (C× T̂Γ )×Ĝ C where for any χ1 ∈ Ĝ, and
((z, vˆ), u) ∈ (C×T̂Γ )×C, the point ((z, vˆ), u) is identified with the point (χ1 ·(z, vˆ), χ1(h)−1u).
The space Eh defines a complex line bundle over CΓ ∗ and is endowed with a natural flat connec-
tion. Let S± denote the spinor bundle on CΓ ∗ associated with the real 1-dimensional representation
of Spin(1,1) with spin ± 12 . Then we get (as in [13, p. 587]) a natural Dirac type operator Dh
acting on the sections of (S+ ⊕ S−)⊗ Eh and the map
s ∈ C∞
(
C
Γ ∗
; (S+ ⊕ S−)⊗ Eh
)
→
∫
C
Γ ∗
(
s;Dh(s)
)
(y) dy = Lh(s)
defines a free lagrangian Lh on CΓ ∗ . 
Open Question 1. In [29, p. 277] (see also [13, p. 558]) it is proved that the space of perturbative
renormalizable theories on R4 is an attractor for the renormalization group flow acting on an
infinite dimensional space of lagrangians. Is it possible to develop a (non-perturbative) quantum
field theory on the space C
Γ ∗ in which there should exist a natural infinite dimensional space I of
lagrangians such that C×TΓ
Γ
should be an attractor of I for the renormalization group flow?
2.4. Further remarks and motivation of Section 3 and [26]
Denote by AjF (S(E0)) (0  j  2) the set of sections of the real vector bundle ∧jT∗F →
S(E0) which are smooth along the leaves and continuous on S(E0). The metric g of (4) induces
a metric hj (·, ·) on the bundle ∧jT∗F (0  j  2), we then denote by L2(S(E0);∧jT∗F) the
Hilbert completion of AjF (S(E0)) with respect to the real scalar product:
∀ω,ω′ ∈AjF
(
S(E0)
)
, 〈ω;ω′〉 =
∫
S(E0)
hj (ω,ω
′)(θ) dμ(θ). (6)
Let d†F denote the formal adjoint of the leafwise exterior derivative dF . Then one defines the
reduced L2-leafwise real cohomology groups Hj
L2,τ
(S(E0),R) (0 j  2) by
H
j
L2,τ
(
S(E0),R
)= ker((d†F )∗ ∩ (d†F )∗∗), 0 j  2,
where the unbounded operators (d†F )
∗, (d†F )
∗∗ both act on L2(S(E0);∧jT∗F).
The following important result comes from [19].
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K(E0) of E0 and the set of primitive compact R-orbits of φt on S(E0). It has the following
property. If w corresponds to γ = γw , then
l(γw)= logN(w).
(2) Denote by (φt )∗j the operator (φt )∗ acting on HjL2,τ (S(E0),R) for 0  j  2. Then for
any α ∈ C∞c (R;R) the following equality holds:
j=2∑
j=0
(−1)j
∫
R
TR(φt )∗jα(t) dt
=
∑
γw
l(γw)
∑
k1
α
(
kl(γw)
)+∑
γw
l(γw)
∑
k−1
ekl(γw)α
(
kl(γw)
) (7)
where the right-hand side coincides with the one of the explicit formula (3).
About part (2). Deninger has identified the left-hand side of (3) with the (spectral) left-hand
side of (7) and has invoked (3) to get (7).
Now we make remarks about the structure of (S(E0),F) which will motivate the construc-
tions and definitions of the Sections 3 and [26].
First we introduce carefully a natural transverse measure on (S(E0),F) and point out its
important role.
Set LE0 = C×TΓΓ , this is a compact laminated space which is foliated by its path-connected
components. Any element qν ∈ qZ acts on [z, vˆ] ∈ LE0 by qν · [z, vˆ] = [ξνz, ξν vˆ]. The Haar mea-
sure μξ of TΓ induces a transverse measure, still denoted μξ , of LE0 . For any Borel transversal
T of LE0 one has μξ (q · T )= q−1μξ (T ).
Moreover, the metric g˜ = (dx1)2 + (dx2)2 (where z = x1 + ix2) defines a leafwise metric on
LE0, let λg˜ be the associated leafwise volume form. Then λg˜μξ defines a qZ-invariant measure
of LE0 .
The leafwise metric g in (4) of (S(E0),F) is defined by g = x−1g˜ and its associated leafwise
volume form is given by λg = x−1dx1 ∧ dx2.
Now it is clear that μ
λ
= μξdx defines a transverse measure with associated Ruelle–Sullivan
current C(μ
λ
). We can pair sections of A2F (S(E0)) with C(μλ ), for instance the measure μ may
be recovered by the formula:
∀f ∈ C0(S(E0)), (f λ;C(μ/λ))= ∫
S(E0)
f dμ.
Recall that μ is φt -invariant. Moreover we observe that the scalar product (6) may be recovered
by the formula:
∀ω,ω′ ∈AjF
(
S(E0)
)
, 〈ω;ω′〉 = (ω ∪ ∗ω′;C(μ/λ))
where ∗ denotes the leafwise Hodge star operator associated to g.
Now we come to formula (7). As explained by Deninger, the dis-symmetry of the coef-
ficients of α(kl(γ )) for k  −1 and k  1 is due to property (4) (see the remark follow-
ing Corollary 1 of [25]). We are going to propose a dynamical explanation, à la Guillemin–
Sternberg, of this dis-symmetry. Consider a point (z0, vˆ0,1) ∈ S(E0), with vˆ0 ∈ TΓ , such that
648 E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669φ− logq [z0, vˆ0,1] = [z0, vˆ0, q] = [z0, vˆ0,1]. Recall that by definition (ξ−1z0, ξ−1vˆ0, q−1q) ∼
(z0, vˆ0, q). So [ξ−1z0, ξ−1vˆ0,1] = [z0, vˆ0,1] and there exists γ ∈ ξ−1Γ such that
ξ−1z0 = z0 + γ, ξ−1vˆ0 = vˆ0 − γ. (8)
The operator (φt )∗ acting on AjF (S(E0)) admits a Schwartz kernel defined by the formula:
∀ω ∈AjF
(
S(E0)
)
, (φt )∗(ω)(y)=
∫
S(E0)
(Dφt )∗δφt (y)=y′ω(y′) dμ(y′).
Consider a point y = [z, vˆ, x] belonging to a small neighborhood of {φt [z0, vˆ0,1],− logq  t 
0}. Then, with the previous notations, one has:
φt (y)= (ξ−1z− γ, ξ−1vˆ + γ, q−1xe−t). (9)
In the following lemma we show basically that the graph of the flow φt is transverse to the
diagonal and compute δφt (y)=y .
Lemma 5. (1) z ∈ C → ξ−1z − γ − z and vˆ ∈ VξΓ → ξ−1vˆ + γ − vˆ are invertible and their
jacobians are respectively given by:
Jac(ξ−1z− γ − z)= |ξ−1 − 1|2, Jac(ξ−1vˆ + γ − vˆ)= q.
(2) Let V be an open neighborhood of (z0, vˆ0), set:
U = {(z, vˆ, e−s)/s ∈ ]− logq,0], (s, vˆ) ∈ V }.
Consider  > 0 and V small enough so that t ∈ [− logq,0] → (z0, vˆ0, e−t ) is the only closed
orbit of φt contained in U with length in ]− − logq,  − logq[. Then one has the following
equality as a distribution on U × ]− − logq,  − logq[:
δφt (y)=y = 1|ξ−1 − 1|2 δz−z0 ⊗
1
q
δvˆ−vˆ0 ⊗ δt+logq .
Proof. (1) We prove only the second equality. Recall that TΓ is an open compact subset of VξΓ .
Then, since vˆ → vˆ − ξ vˆ defines an automorphism of TΓ whose inverse is vˆ →∑n∈N ξnvˆ, one
has Jac(vˆ− ξ vˆ)= 1. Now recall that the proof of Lemma 3 shows that μξ(ξTΓ )= 1q μξ (TΓ ) so
that Jac(ξ vˆ)= 1
q
. By combining the last two equalities for Jac, one gets Jac(ξ−1vˆ + γ − vˆ)= q .
(2) Using the change of variable formula for ∫ dμξ and the equality ξ−1vˆ0 + γ − vˆ0 = 0, one
sees that for vˆ close to vˆ0 one has
δξ−1vˆ+γ−vˆ =
1
Jac(ξ−1vˆ + γ − vˆ) δvˆ−vˆ0 .
Then a computation using (8) and (9) shows (see also [6, Section IV]), that for y = [z, vˆ, x] ∈U
and t ∈ ]− − logq,  − logq[ one has:
δφt (y)=y = 1Jac(ξ−1z− γ − z)δz−z0 ⊗
1
Jac(ξ−1vˆ + γ − vˆ) δvˆ−vˆ0 ⊗ δt+logq .
By combining (1) with this equality one gets the result. 
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∫ − logq
0
de−s
e−s | = logq and
Lemma 5(2) show that for t close to − logq the distributional trace∫
S(E0)
Tr(Dφt )∗δφt (y)=ydμ(y)
is well defined (near-logq) and equal to:
logq
∑
γw,l(γw)=logq
1
q
δ−l(γw)
where γw runs over the set of closed orbits of φt of length l(γw)= logq . Since Jac(ξ vˆ+γ − vˆ)=
1 a similar argument shows that for t close to logq the distributional trace∫
S(E0)
Tr(Dφt )∗δφt (y)=ydμ(y)
is well defined (near logq) and equal to:
logq
∑
γw,l(γw)=logq
δl(γw).
These observations motivate the definition of a transversally p-adic complex laminated space that
we shall introduce in Section 3. Deninger pointed out to us that the condition (4) (φt )∗g = etg
was probably too strong for being generalized. That is why in Proposition 2(2) we shall replace it
by (φt )∗[λg] = et [λg] where [λg] denotes the reduced leafwise cohomology class of the leafwise
Kaehler form associated to g (see Serre [30] and Deninger–Singhof [16]).
Now let Y be a smooth projective absolutely irreducible curve over Fq admitting a rational
point. As pointed out in [25], one would like to associate to Y a Riemannian laminated foliated
space (LY×R
+∗
qZ
,F , g,φt ) for which the analogous version of Theorem 1 should hold. Recall now
Hurwitz’s formula for a non-constant morphism ψ :C1 → C1 where C1 is a smooth projective
curve of genus g1 over a field of characteristic zero. One has:
2g1 − 2 = (degψ)(2g1 − 2)+
∑
P∈C1
(
eψ(P )− 1
)
where the strictly positive integers eψ(P ) are all equal to one except for a finite number of them.
If it could be possible to lift the Frobenius morphism of Y in characteristic zero, one should get
a morphism ψ of degree > 1 which is not possible. Thus, unlike the case of an elliptic curve,
we do not consider for Y a flow of the simple form φt ([l, x]) = [l, xe−t ] but a priori a (more
general) renormalization group flow. We shall carry out the detailed constructions in Section 3.
3. The zeta function of a compact Riemannian foliated transversally p-adic laminated
space (S = L×R+∗
qZ
,F,g,φt )
We introduce the following definition which is a particular case of a notion due to Sulli-
van [32]:
Definition 1. A compact complex 1-dimensional transversally p-adic laminated space L is a
compact topological space satisfying the following property. There exists m ∈ N∗ such that L
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⋃N
i=1 Ai by local charts: fi :Ai →Ui × Zmp where Ui is an open disc
of C such that each transition map fi ◦ f−1j is of the form
fj (Ai ∩Aj)→Ui × Zmp , (10)
(z, θ)→ (H(z),G(θ))= fi ◦ f−1j (z, θ) (11)
where fj (Ai ∩Aj)=Ωi,j × Zmp and
(1) z →H(z) is holomorphic on its domain of definition Ωi,j .
(2) There exists M ∈ GLm(Zp) and B ∈ Zmp such that for any θ ∈ Zmp one has G(θ)=Mθ+B .
Then the path connected components C of L carry a structure of 1-dimensional complex
manifold and constitute the leaves of a foliation. For any l ∈ L we denote by TlL the tangent
space at l of the path connected component of L containing l.
We may and shall assume in the sequel that the charts (Aj , fj ) are defined on open subsets
A′j such that Aj ⊂A′j .
The space C×VξΓ
V
of Section 2 is an example of such an L.
Definition 2. Let L be a laminated space as in Definition 1 and j ∈ {0,1,2}. Denote by AjF (L)
the set of sections ω of the complex vector bundle ∧jT∗L⊗C → L which are smooth along the
leaves and continuous globally in the following sense. In any chart (Ai, fi) as above, (f−1i )∗ω
is a finite sum of terms a(z, θ)(dx1)α ∧ (dx2)β where z = x1 +
√−1x2, α + β = j,
∀θ ∈ Zmp , z = x1 +
√−1x2 → a(z, θ)
belongs to C∞(Ui,C) and for any r1, r2 ∈ N, (z, θ)→ ∂r1x1∂r2x2a(z, θ) is continuous on Ui × Zmp .
Now we consider a 1-dimensional complex compact transversally p-adic laminated space L.
In the sequel, we shall assume that L satisfies the following four properties which are stated with
the notations of Definition 1 and motivated by Section 2.4:
(i) The group qZ acts leafwise holomorphically on L in the following sense, qm · l denoting
the action of qm ∈ qZ on l ∈ L. Let y ∈ L, assume that y ∈ Aj and q · y ∈ Ai (cf. Definition 1).
Then:
∀(z, θ) ∈ fj
(
q−1(Ai)∩Aj
)
, fi ◦ q ◦ f−1j (z, θ)=
(
Z(z),L(θ) =Mqθ + bq
)
on its domain of definition, where Z(·) is holomorphic, bq ∈ Zmp , and Mq ∈ Mm(Zp)∩GLm(Qp)
is such that JacMq = 1q .
(ii) There exists a smooth leafwise Kaehler metric g˜ along the leaves of L with the following
two properties. First, for each foliation chart fi :Ai → Ui × Zmp as in Definition 1, (f−1i )∗(g˜)
does not depend on θ . Second, for any l ∈ L one has:
∀u ∈ TlL, g˜
(
q∗(u)
)= qg˜(u).
We denote by λg˜ the leafwise Kaehler form associated with g˜: g˜(u, v)= λg˜(u, Jv).
Since the leaves of L are oriented by their complex structure there is a leafwise Hodge star
associated to g˜.
(iii) There exists a smooth family (ψtx)t∈R,x>0 of diffeomorphisms of L acting leafwise holo-
morphically in the following sense. Let (t0, x0, y) ∈ R × R+∗ × L, assume that y ∈ Aj and
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t0
x0(y) ∈ Ai . Then there exists a small neighborhood I0 × J0 ×By ⊂ R × R+∗ × (Uj × Zmp ) of
(t0, x0, fj (y)) such that:
∀(t, x, z, θ) ∈ I0 × J0 ×By, fi ◦ψtx ◦ f−1j (z, θ)=
(
Rtx(z),E(θ)
)
where the (Rtx(·))(t,x)∈I0×J0 defines a smooth family of holomorphic maps on their domain of
definition and there exists M1 ∈ GLm(Zp) and b1 ∈ Zmp such that E(θ)=M1θ+b1 on its domain
of definition. Moreover, for any (t, t ′, x) ∈ R × R × R+∗, l ∈ L one assumes that:
ψtqx(q · l)= q ·ψtx(l), ψt
′
xe−t
(
ψtx(l)
)=ψt+t ′x (l), (12)
Notice that Eq. (12) implies that ψ0x = Id, that each ψtx preserves any path connected component
of L and induces a diffeomorphism of it.
Moreover, let k ∈ N∗ and l0 ∈Aj be such that (ψ logqq ◦ q)k(l0)= l0. Then one can write:
∀(z, θ) ∈U ′j × Zmp , fj ◦ (ψ logqq ◦ q)k ◦ f−1j (z, θ)=
(
Zk(z),Qkθ + bk
)
where Zk is holomorphic on an open neighborhood U ′j ⊂ Uj of fj (l0), bk ∈ Zmp , and Qk ∈
Mm(Zp) satisfies:
Jac(Qk)= q−k, Jac(Id−Qk)= 1. (13)
(iv) Let ω ∈ C0(L,∧1T∗L) be a leafwise C∞ harmonic 1-form. Then for each chart (Ai, fi)
of Definition 1, (f−1i )∗ω(z, θ) does not depend on θ . For an intrinsic equivalent statement see
Theorem 3.
Remark. The assumption (iv) is satisfied in the case of the space C×VξΓ
V
of Section 2. Louis
Boutet de Monvel has showed us an example (of the form H×Z
2g
p
Γ
) with hyperbolic leaves where
it is not satisfied. Dennis Sullivan has told us that, in some sense, most of the examples of L with
hyperbolic leaves of Definition 1 do not satisfy this assumption. Bertrand Deroin has showed
[20] that for a space L with hyperbolic leaves, the space of leafwise holomorphic quadratic
differentials is infinite dimensional. But his proof does not show that Assumption (iv) is not
satisfied. Notice that there are examples of spaces L which have hyperbolic and parabolic leaves
and do not seem to be defined by an inverse limit of Riemann surfaces (e.g. the one described by
E. Ghys [21, Section 6.4] following an idea of R. Kenyon).
Lemma 6. (1) The data of the Haar measure μZmp in each local chart (Ai, fi) of Definition 1
induce a transverse measure μL on L. Then λg˜μL defines a measure on L. Moreover, for any
Borel transversal T of (L,F) one has μL(q · T )= 1q μL.
(2) ∀(t, x) ∈ R × R+∗, (ψtx)∗(μL)= μL.
Proof. (1) The fact that μL is well defined as a transverse measure is a consequence of Defi-
nition 1. The leaves are two dimensional so λg˜ defines the leafwise Riemannian volume form
associated to g˜ on (L,F). Then by definition, λg˜μL defines a measure on L. The equality
μL(q · T )= 1q μL is a consequence of assumption (i) (JacMq = 1q ).(2) This is a consequence of the equality Jac(M1)= 1 in property (iii). 
Consider the foliated laminated space (S = L×R+∗
qZ
,F) whose leaves are the sets Π(C × {x})
where Π :L× R+∗ → S denote the projection and C runs over the set of path connected com-
652 E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669ponents of L. Let [l, x0] ∈ S, assume that l ∈ Ai with the notations of Definition 1. There exists
 > 0 such that Ai×]x0 − , x0 + [ may be identified with an open subset of S. Then
fi × Id]x0−,x0+[ :Ai×]x0 − , x0 + [→Ui × Zmp×]x0 − , x0 + [
defines a foliated chart of S centered at [l, x0].
Definition 3. (1) Denote byAjF (S) (0 j  2) the set of sections ω of the complex vector bundle
∧jT∗F ⊗ C → S which are smooth along the leaves and continuous globally in the following
sense. In any foliation chart fi × Id]x0−,x0+[ as above, ((fi × Id]x0−,x0+[)−1)∗ω is a finite
sum of terms a(z, θ, x)(dx1)α ∧ (dx2)β where z = x1 +
√−1x2, α + β = j such that:
∀θ ∈ Zmp , (z = x1 +
√−1x2, x)→ a(z, θ, x) ∈ C∞
(
Ui × ]x0 − , x0 + [,R
)
,
and for any r1, r2, r3 ∈ N, (z, θ, x)→ ∂r1x1∂r2x2∂r3x a(z, θ, x) is continuous.
(2) Denote, for j ∈ {0,1,2}, by HjF (S) the reduced leafwise cohomology kerdFImdF .
One then gets the following:
Proposition 2. Denote by Π the projection map Π :L × R+∗ → L×R+∗
qZ
= S where qZ acts
diagonally. Consider the foliated laminated space (S = L×R+∗
qZ
,F) whose leaves are the sets
Π(C × {x}) where C runs over the set of path connected components of L.
(1) One defines a flow φt acting on S by setting for any (l, x) ∈ L× R+∗
φt
([l, x])= ([ψtx(l), xe−t ]),
where [l, x] denotes the class of (l, x) in S.
(2) The metrics x−1g˜ on T[l,x]F , define a leafwise Kaehler metric g = (x−1g˜)x∈R+∗ on
(S,F). Moreover, λg = x−1λg˜ defines a leafwise Kaehler form on (S,F) (λg˜ is defined in as-
sumption (ii) of this section). For any t ∈ R, (φt )∗[λg] = et [λg] where [λg] denotes the induced
class in H 2F (S).(3) λg is also the leafwise Riemannian volume form associated to g on (S,F). Moreover,
μL dx defines a transverse measure denoted Λ on (S,F), and μ= λgμL dx induces a measure
on S.
(4) Let W(L,F) (resp. W(S,F)) denotes the von Neumann algebra of the foliation (L,F)
(resp. (S,F)) associated with the measure λg˜μL (resp. λgμL dx). Assume that W(L,F) is a
factor. Then the flow φt induces an action, denoted (φt )∗, on W(S,F) by
A→ (φt )∗ ◦A ◦ (φ−t )∗
where A= (Al)l∈S/F ∈W(S,F) is a random operator. The cross-product von Neumann algebra
W(S,F)(φt )∗ R is a type III 1
q
-factor.
Remark. The algebra W(S,F)(φt )∗ R represents morally the set of measurable functions on the
noncommutative space of the orbits of φt (i.e. the closed points). As explained in [25, Section 3]
this matches with Connes’s approach to the zeta function of a function field.
Proof. (1) This assertion follows from (12).
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(ii) above. Since ψ0x = Id and q∗λg˜ = qλg˜, one checks that one can write
(ψtx)
∗(λg˜)= λg˜ + xe−t lim
k→+∞dFB
t,x (14)
where (Bt,x)t∈R,x>0 is a smooth family of elements of A1F (L) such that Bt,x = q∗Bt,qx . See
the proof of Lemma 8 for a similar argument. The fact that (φt )∗[λg] = et [λg] is then a direct
consequence of (14).
(3) The fact that
μ= λgμL dx = λg˜μL dx
x
induces a measure on (S,F) is a consequence of Lemma 6(1) and of assumption (ii) (q∗g˜ = qg˜).
It is clear that the fraction
λgμLdx
λg
= μL dx
defines a transverse measure on (S,F).
(4) Let us first check that W(L,F) is a type II∞-factor. Denote by τ the trace on W(L,F)
induced by the transverse measure μL. Consider a chart (Ai, fi) as in Definition 1. Consider a
finite orthonormal family hj ∈ C∞0 (Ui,R) (1 j  j0). So:
∀j, l ∈ {1, . . . , j0} with j = l,
∫
Ui
h2j λg˜ = 1,
∫
Ui
hjhlλg˜ = 0.
For k ∈ N, denote by π(k, j0) ∈W(L,F) the projection defined by
f ∗i
((
j0∑
j=1
hj 〈·, hj 〉
)
1pkZmp
)
.
It is clear, as k and j0 vary, that the τ(π(k, j0)) do not belong to a ladder of R+ and can be
arbitrarily large. Therefore W(L,F) is a type II∞-factor. This implies easily that W(S,F) is
a type II∞-von Neumann algebra whose center is L∞(R
+∗
qZ
). Now denote by τΛ the trace on
W(S,F) induced by Λ (see [25, Section 3] for details). Then, Lemma 6 and the definition of
φt allow to see that τΛ ◦ (φt )∗ = e−t τΛ. Using Connes’s results [5, pp. 494 and 495], one then
checks that W(S,F)(φt )∗ R is of type III. Moreover, one has:
S
(
W(S,F)(φt )∗ R
)∩ R+∗ = {λ > 0/(φlogλ)∗ = Id}= qZ.
Then [5, p. 473] implies that W(S,F)(φt )∗ R is of type III 1
q
. 
We think of L as a set of renormalizable quantum field theories, if we write ψtx =Rx,xe−t then
we recognize the general scheme of the method of the renormalization group flow à la Wilson [13,
p. 554]. The condition ψtqx(q · l) = q ·ψtx(l) in (12) means that q induces an action on L which
commutes with the renormalization group flow up to rescaling: Rqx,qxe−t (q · l) = q · Rx,xe−t (l)
for any l ∈ L.
Let j ∈ {0,1,2}. Denote byHjτ ⊂AjF (S) (see Definition 3) the subspace of complex leafwise
harmonic forms and by πjτ the orthogonal projection onto Hjτ ⊂ Aj (S), see Theorem 4 andF
654 E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669Proposition 4 for more on πjτ . Now, denote by C(Λ) the Ruelle–Sullivan current associated to
the transverse measure Λ = μL dx of (S,F). Then, one defines a scalar product on Hjτ by the
formula 〈ω;ω′〉 = (ω∪∗ω′;C(Λ)) where ∗ denotes the leafwise Hodge star of the metric g. We
denote by Hjτ the L2-completion of Hjτ . The operator πjτ ◦ (φt )∗ defines a one parameter group
acting on Hjτ (see Proposition 4 for details). We write etΘj = πjτ ◦ (φt )∗ where the infinitesimal
generator Θj defines an unbounded operator on the Hilbert space Hjτ .
Theorem 2. Assume that the closed orbits γ of the flow φt acting on S = L×R+∗
qZ
are non-
degenerate. Assume the four properties (i) to (iv), that W(L,F) is a factor and that L has a
dense leaf. Let α ∈ C∞c (R,R).
(1) For each j ∈ {0,1,2}, ∫
R
α(t)etΘj dt acting on Hjτ is trace-class and one has:
TR
∫
R
α(t)etΘ0 dt =
∑
ν∈Z
∫
R
α(t)e
2iπνt
logq dt, TR
∫
R
α(t)etΘ2 dt =
∑
ν∈Z
∫
R
α(t)e
t+ 2iπνtlogq dt.
Moreover, there exists a finite subset {ρ1, . . . , ρ2g} ⊂ C such that
TR
∫
R
α(t)etΘ1 dt =
2g∑
j=1
∑
ν∈Z
∫
R
α(t)e
t (ρj+ 2iπνlogq ) dt
(2) One has
∀j ∈ {1, . . . ,2g}, ρj = 12 .
(3) One has
j=2∑
j=0
(−1)jTR
∫
R
α(t)etΘj dt = χΛ(F)α(0)+
∑
γ
∑
k1
l(γ )
(
e−kl(γ )α
(−kl(γ ))+ α(kl(γ )))
where χΛ(F) denotes Connes’s Λ-Euler characteristic of (S,F) [5] and γ runs over the set of
primitive closed orbits of φt and l(γ ) denotes the length of γ .
Remark. Define the Ruelle zeta function
ζS(s)=Πγ 11 − exp(−sl(γ ))
where γ runs over the set of primitive compact orbits of φt and l(γ ) denote its length. Deninger
told us that Illies’s result [24] and Theorem 2 might imply that ζS(s) is an alternate product of
regularized determinants. Then Theorem 2 should imply (along the lines of Deninger’s formal-
ism): meromorphic extension of ζS(s) to C, functional equation s ↔ 1 − s, Riemann hypothesis
(or Weil’s Theorem type) for ζS(s).
Open Question 2. (1) Let Y be a smooth projective absolutely irreducible curve over Fq ad-
mitting a rational point. Does there exist a laminated foliated space (SY = LY×R
+∗
qZ
,F , g,φt )
satisfying all the assumptions of Proposition 2 and Theorem 2 and the following assumption:
(A) One has a natural bijection w 	→ γw between the set of closed points of Y and the set of
primitive closed orbits of (SY ,φt ) satisfying logNw = l(γw).
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(2) Is it possible to interpret LY as an attractor of the renormalization group (semi-)flow acting
on a suitable infinite dimensional space of lagrangians? (compare with the end of [17] and [13,
pp. 30 and 559]).
Of course, when Y is an elliptic curve over Fq, Deninger has shown [19] that the answer to
part (1) of the previous open question is yes.
4. Analytic results on L
4.1. Sobolev spaces on Zmp
Recall that a character χ of Zmp =
⊕m
j=1 Zp may be written as:
χ =
m⊕
j=1
nj∑
l=0
al,j
pl
where the al,j belong to {0, . . . , p − 1} ⊂ Zp and anj ,j = 0 if nj  1. Notice that the al,j are
unique for l  1. If χ = 0, we set
|χ | = max
1jm,nj1
∣∣∣∣anj ,jpnj
∣∣∣∣
p
.
If χ = 0, we set |0| = 0. The number of characters χ with |χ | = pN is at most p(m+1)N .
Definition 4. (1) Let k ∈ N and u ∈ L1(Zmp ,dμZmp ). We say that u belongs to the Sobolev space
Hk(Zmp ) if the function
θ →
∑
χ∈Ẑmp
|χ |kuˆ(χ)〈χ,−θ〉
belongs to L2(Zmp ,dμZmp ). Here, uˆ(χ) denotes the Fourier transform with the convention
1̂Zmp (0)= 1.(2) The operator p defined by
p(u)(θ) =
∑
χ∈Ẑmp
|χ |2uˆ(χ)〈χ,−θ〉
induces a bounded operator from Hk+2(Zmp ) to Hk(Zmp ) for any k ∈ N.
4.2. Sobolev spaces and harmonic forms on L
The measure λg˜μL (see Lemma 6) and the leafwise metric g˜ allow to define a scalar product
on C0(L,∧jT∗L) (0  j  2). The axioms of Definition 1 (e.g. the fact that M ∈ GLm(Zp))
show that the following definition makes sense.
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Hk,l(L,C) if for any chart (Aj , fj ) as in Definition 1 and any α ∈ N2 with |α| l the function:
(z, θ)→
∑
χ∈Ẑmp
(
1 + |χ |k)∂α1x1 ∂α2x2 û ◦ f−1j 2(z,χ)〈χ,−θ〉
belongs to L2(Uj ×Zmp ,dx1 dx2 ⊗dμZmp ). Here,̂2 denotes the Fourier transform with respect to
the second variable (i.e. θ ). Similarly one defines Sobolev spaces Hk,l(L,∧∗T∗L) of differential
forms.
Lemma 7. One defines a transverse p-adic laplacian p,T acting on A∗F (L) (see Definition 2)
by setting in each chart (Aj , fj ) as in Definition 1:
∀u ∈A∗F (L), p,T (u|Aj )= (fj )∗p
(
(f−1j )
∗u|Aj
)
.
Proof. We prove the result for leafwise differential forms of degree one. Consider u ∈A1F (L)
having compact support in Ai ∩ Aj (with the notations of Definition 1). We are going to show
that
(fi ◦ f−1j )∗p
(
(f−1i )
∗u
)=p((f−1j )∗u).
This will prove that the operator p,T is intrinsically defined on L. From the assumptions of
Definition 1 we deduce that fi(Ai ∩Aj) is of the form Ωj,i × Zmp . Recall that
fi ◦ f−1j (z, θ)= (H(z),G(θ) =Mθ +B)
with M ∈ GLm(Zp).
For any tangent vector v ∈ TzC, we then have
(fi ◦ f−1j )∗p
(
(f−1i )
∗u
)
(z, θ)
=
∑
χ∈Ẑmp
|χ |2
∫
Zmp
(
(f−1i )
∗u
)(
H(z), ξ
)(
DzH(v)
)〈
χ, ξ −G(θ)〉dμZmp (ξ).
In this integral we make the change of variable ξ =G(θ ′). We then have〈
χ,G(θ ′)−G(θ)〉= 〈χ,M(θ ′ − θ)〉= 〈tM(χ), θ ′ − θ 〉.
Since M ∈ GLm(Zp) we observe that χ →t M(χ) defines a bijection of Ẑmp satisfying |tM(χ)| =
|χ |. One then gets immediately that
(fi ◦ f−1j )∗p
(
(f−1i )
∗u
)=p((f−1j )∗u). 
Theorem 3. (1) Assumption (iv) of Section 3 is equivalent to the following (intrinsic) condition.
Any leafwise C∞ harmonic 1-form ω ∈ C0(L,∧1T∗L) satisfies p,T ω = 0.
(2) Assume assumptions from (i) to (iv) of Section 3. Then the vector space H1L of real har-
monic 1-forms ω ∈ C0(L,∧1T∗L) is of finite dimension 2g where g ∈ N.
Proof. (1) Left to the reader.
(2) Denote by L the (essentially self-adjoint) leafwise signature laplacian associated with
the metric g˜ as in assumption (ii) of Section 3. Notice that L is constant in θ in each chart
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Fredholm from
⋂
k+l=2 Hk,l(L,∧∗T∗L) to L2(L,∧∗T∗L). Indeed, one constructs a parametrix
by considering in each chart (Aj , fj ) the operator:
ω(z, θ)→
∑
χ∈Ẑmp
(
1 + |χ |2 +L
)−1
ω̂2(z,χ)〈χ,−θ〉.
Now, observe that assumption (iv) implies that H1L ⊂ ker(L + p,T ). Then one gets that H1L
is finite dimensional. Moreover, the Hodge star  induces a complex structure on H1L so this
dimension is an even integer 2g. 
Proposition 3. The scalar product defined at the beginning of this subsection induces a hermitian
scalar product 〈 ; 〉 on H1L ⊗R C. There exists an orthonormal basis (ω1, . . . ,ω2g) of H1L ⊗R C
of eigenvectors for the action of q on H1L ⊗R C. More precisely, for each j ∈ {1, . . . ,2g}, there
exists ρj ∈ C such that ρj = 12 and q∗(ωj )= qρj ωj .
Proof. Lemma 6(1) and assumption (ii) of Section 3 (e.g. q∗(g˜) = qg˜ ) allow to see that q∗
induces an operator acting on H1L ⊗R C of the form
√
qU where U is unitary. This proves the
result. 
5. Proof of Theorem 2
5.1. Leafwise Hodge decomposition and Heat operator
We begin with describing a finite system of local foliated charts of (S = L×R+∗
qZ
,F) with the
notations of Definition 1.
Set I1 = ]q1/2, q[ and I2 = ]q−1/10, q2/3[. Set A˜j,2 = {[(qk · l, qkx)]k∈Z, (l, x) ∈ Aj × I2}
and Fj,2([(qk · l, qkx)]k∈Z)= (fj (l), x) ∈Uj × Zmp × I2.
Set also A˜i,1 = {[(qk · l, qkx)]k∈Z, (l, x) ∈Ai × I1} and Fi,1([(qk · l, qkx)]k∈Z)= (fi(l), x) ∈
Ui × Zmp × I1.
Then, the (A˜i,1,Fi,1), (A˜j,2,Fj,2) (1 i, j N ) define a finite open cover of foliated charts
of (S,F). The transition maps are given in the following way. If (z, θ, x) ∈ fj (Aj ∩ Ai) ×
]q1/2, q2/3[, one has
Fi,1 ◦ F−1j,2 (z, θ, x)=
(
fi ◦ f−1j (z, θ), x
)
.
If (z, θ, x) ∈ fj (Aj ∩ q−1(Ai))× ]q−1/10,1[, one has
Fi,1 ◦ F−1j,2 (z, θ, x)=
(
fi ◦ q ◦ f−1j (z, θ), qx
)
.
We can now state the following:
Definition 6. Let k ∈ N and j ∈ {0,1,2}. We say that an L2-leafwise differential form ω ∈
L2(S,∧j T ∗F) belongs to the space H0,k(S,∧j T ∗F) if in any chart of the type (A˜i,1,Fi,1),
(A˜j,2,Fj,2) as above, Pω(z, θ, x) ∈ L2 for any differential operator of degree  k P in the
variables (z,z, x). We set:
H0,+∞(S,∧j T ∗F)=
⋂
k∈N
H0,k(S,∧j T ∗F).
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Theorem 4. Let j ∈ {0,1,2}.
(1) We have the following leafwise Hodge decomposition:
H0,+∞(S,∧j T ∗F)=Hjτ,0,+∞ ⊕⊥ ImdF ⊕⊥ Im δ
where Hjτ,0,+∞ denotes the set of leafwise harmonic forms, δ denotes the adjoint of the leafwise
exterior derivative dF of S. The orthogonality is with respect to the L2-scalar product. Moreover,
one has
H1τ,0,+∞ =H1,0τ,0,+∞ ⊕H0,1τ,0,+∞
where H1,0τ,0,+∞ and H0,1τ,0,+∞ denote respectively the harmonic forms of type (1,0) and (0,1).
(2) Denote by πjτ the orthogonal projection from H0,+∞(S,∧j T ∗F) onto Hjτ,0,+∞. Then
π
j
τ ◦ (φt )∗ defines a one parameter group acting on Hjτ,0,+∞.
Now we introduce a particular partition of unity of S. Consider β1 ∈ C+∞c (]q1/2, q[,R) and
β2 ∈ C+∞c (]q−1/10, q2/3[,R) such that:
∀x ∈ [q1/2, q2/3], β1(x)+ β2(x)= 1, ∀x ∈ [q9/10, q], β1(x)+ β2(q−1x)= 1,
∀x ∈ [1, q1/2], β2(x)= 1, ∀x ∈ [q2/3, q9/10], β1(x)= 1.
Next we set V˜j = {[(qk · l, qkx)]k∈Z, l ∈ L, x ∈ Ij } for j = 1,2. If [(qk · l, qkx)]k∈Z ∈ V˜j
with x ∈ Ij , we set
F˜j
([
(qk · l, qkx)]
k∈Z
)= (l, x), β˜j ([(qk · l, qkx)]k∈Z)= βj (x).
By construction one has β˜1(y)+ β˜2(y)≡ 1 on S. Now we may state the:
Definition 7. If ω ∈H0,k(S,∧j T ∗F) and t ∈ R+∗, we set:
Rt (ω)=
2∑
j=1
(
F˜−1j e
−tp,T F˜j
)
(β˜jω)
where p,T is defined in Lemma 7.
Remark. Since the operator p of Definition 4 does not commute nicely with the multiplication
by p one cannot define a p-adic transversal laplacian on (S,F). But the operator p,T allows to
define such a p-adic transversal laplacian in each open subset V˜1, V˜2 of S.
Proposition 4. (1) Let ω ∈Hjτ,0,+∞. Then for any real t > 0, Rt (ω) = ω and, ω is continuous
on S and constant in θ in the above local charts (A˜i,1,Fi,1), (A˜j,2,Fj,2). Thus Hjτ,0,+∞ =Hjτ
(see notation before Theorem 2) and
H1,0τ,0,+∞ =H1,0τ , H0,1τ,0,+∞ =H0,1τ .
(2) The operators πjτ ◦ (φt )∗ define a one parameter group acting on the Hilbert space Hjτ of
Theorem 2.
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(Ai, fi). Then, for each t > 0, one checks thatRt (ω) is a smooth leafwise harmonic form which
is continuous on S. Assumption (iv) of Section 3 allows to see that Rt (ω) is constant in θ in the
charts (A˜i,1,Fi,1), (A˜j,2,Fj,2). Letting t go to 0+ one gets that ω is constant in θ in these local
charts and is equal to Rt (ω) for any t > 0.
(2) One checks that (φt )∗ acts continuously on H0,+∞(S,∧j T ∗F) with respect to the L2-
scalar product. The result then follows from part (1) and Theorem 4(2). 
5.2. Proof of Theorem 2(1)
Recall that etΘj = πjτ ◦ (φt )∗. Actually the results of this subsection allow to (re)prove, using
explicit computations, that πjτ ◦ (φt )∗ defines a one parameter group acting on Hjτ .
Recall that L has a dense leaf. Then a continuous function on L which is constant along the
leaves is constant. Then one checks easily that (x
2iπν
logq )ν∈Z is an orthonormal basis of H 0τ ⊗R C
and that:
TR
∫
R
α(t)etΘ0 dt =
∑
ν∈Z
∫
R
α(t)e
2iπνt
logq dt.
In the same way, one checks that (x
2iπν
logq x−1λg˜)ν∈Z is an orthonormal basis of H 2τ ⊗R C (recall
that λg˜ is defined in assumption (ii) of Section 3). Then one easily checks that:
TR
∫
R
α(t)etΘ2 dt =
∑
ν∈Z
∫
R
α(t)e
t+ 2iπνtlogq dt.
Next, using Proposition 3 and its notations, one checks that(
x
2iπν
logq −ρj ωj
)
j∈{1,...,2g},ν∈Z
is an orthonormal basis of H 1τ ⊗R C.
Lemma 8. Let j ∈ {1, . . . ,2g} and ν ∈ Z. Then one has
(φt )∗
(
x
−ρj− 2iπνlogq ωj
)= et(ρj+ 2iπνlogq )x−ρj− 2iπνlogq ωj + dFBt
where (Bt )t∈R is a smooth family of smooth leafwise functions on S continuous on S.
Proof. One considers only the case ν = 0 in order to simplify the notations. Using the proof of
the Poincaré lemma and the fact that ψ0x = Id, one can write along the leaves of L :
∀x ∈ R+∗, (ψtx)∗(ωjx−ρj )= ωjx−ρj + dLAt,x
where (At,x) is a smooth family of smooth leafwise functions on L. Now we use the βl and Il
(l = 1,2) introduced in Section 6.1. For x ∈ R+∗ such that q−kx ∈ Il with k ∈ Z, we set Bt,xl =
etρj βl(q
−kx)(q−k)∗At,q−kx . Otherwise we set Bt,xl = 0. Then, using the formula q∗ωj = qρj ωj ,
one gets the result by setting Bt = Bt,x1 +Bt,x2 . 
Using Proposition 3 and the previous lemma one then checks that
TR
∫
α(t)etΘ1 dt =
2g∑
j=1
∑
ν∈Z
∫
α(t)e
t (ρj+ 2iπνlogq ) dt.
R R
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Notice that in the previous subsection we have shown that for each j ∈ {0,1,2}, the operator∫
R
α(s)π
j
τ ◦ φ∗s ds ◦ πjτ is trace class.
Jesus Alvarez-Lopez pointed out to us the following lemma:
Lemma 9 (Alvarez-Lopez). Set Θ(l, x) = φ− logx(l,1) and q(l, x) = (q · l, qx) where (l, x) ∈
L×R+∗. Then one has Θ−1 ◦ φt ◦Θ(l, x)= (l, xe−t ). Moreover, for any (l, x) ∈ L×R+∗, one
has Θ−1 ◦ q ◦Θ(l, x)= (ψ logqq ◦ q(l), qx).
This lemma shows that it is enough to prove Theorem 2(3) when the flow φt is of the form
φt (l, x)= (l, xe−t ), by abuse of notation we shall still writeRt , πjτ instead of Θ∗ ◦Rt ◦ (Θ−1)∗,
Θ∗ ◦ πjτ ◦ (Θ−1)∗ . . . etc.
The following proposition will be proved in Appendix B.
Proposition 5. For each j ∈ {0,1,2}, denote by jF the leafwise signature laplacian of (S =
L×R+∗
qZ
,F) acting on leafwise differential forms of degree j .
(1) For any (t, t ′) ∈ R+∗ × R+∗ and any α ∈ C∞c (R,R), the operator∫
R
α(s)(φs)∗ ds ◦Rt ◦ e−t ′
j
F
is trace class.
(2) For any (t, t ′) ∈ R+∗ × R+∗, one has:
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ ds ◦Rt ◦ e−t ′
j
F =
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ ds ◦ πjτ .
The following proposition will be proved in Appendix B.
Proposition 6. Assume that the support of α is contained in ]− logq4 , logq4 [, then:
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ds ◦ πjτ = χΛ(F)α(0).
(See the notations of Theorem 2(3).)
Proposition 7. Assume that the support of α does not meet [− logq5 , logq5 ], then:
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ ds ◦ πjτ =
2∑
j=0
(−1)j
∫
S
∫
R
α(s)Trj (Dφs)∗δφs(y)=y dμ(y)ds
where Trj denotes the bundle endomorphism trace of (Dφt )∗ acting on leafwise exterior forms
of degree j . The measure μ is defined in Proposition 2(3).
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gets the desired result. 
From the previous results we deduce that Theorem 2(3) follows from the:
Proposition 8. Assume that the support of α does not meet [− logq5 , logq5 ], then:
2∑
j=0
(−1)j
∫
S
∫
R
α(s)Trj (Dφs)∗δφs(y)=y dμ(y)ds
=
∑
γ
∑
k1
l(γ )
(
e−kl(γ )α
(−kl(γ ))+ α(kl(γ )))
where γ runs over the set of primitive closed orbits of φt and l(γ ) denotes the length of γ .
Proof. We recall Lemma 9 and the fact that we are reduced to the case φt (l, x) = (l, xe−t ).
Assumptions (i) and (iii) of Section 3 allows to see that y ∈ γ , detDφl(γ )(y)|TyF > 0. Moreover,
using these assumptions (i) and (iii) (especially (13)) and proceeding exactly as in the proof of
Lemma 5 one gets the proposition. 
One has proved the assertion ρj = 12 in Proposition 3 as a consequence of assumption (ii)
of Section 3. Nevertheless, following an argument of Serre [30] and of Deninger–Singhof [16,
Proposition 4.6] we are going to explain how the assertion ρj = 12 follows formally from the
equality (φt )∗[λg] = et [λg] of Proposition 2(2).
We replace the hermitian scalar product on H 1τ introduced before Theorem 2 by the following
(equivalent) one.
∀α1, α2 ∈H 1τ , 〈α1;α2〉 = −
(
α1 ∪ Jα2;C(Λ)
)
where the operator J is multiplication by
√−1 [resp. −√−1] on H 1,0τ [resp. H 0,1τ ].
Lemma 10. (1) For any ν ∈ Z \ [0}, (x 2iπνlogq λg;C(Λ))= 0. But (λg;C(Λ)) = 0.
(2) For any α1, α2 ∈H 1τ one has:
∀t ∈ R, 〈etΘ1α1; etΘ1α2〉= ((φt )∗(α1 ∪ Jα2);C(Λ)).
(3) For any α1, α2 ∈H 1τ one has:
∀t ∈ R, 〈etΘ1α1; etΘ1α2〉= et 〈α1;α2〉.
Proof. (1) Easy computation.
(2) Recall that we have defined two notions of leafwise reduced cohomology (see Definition 3
and the proof of Theorem 4). We have a natural map between them:
H
j
F (S)→Hj0,+∞.
Observe that etΘ1α = (φt )∗α modulo ImdF and that the Ruelle–Sullivan current is closed. One
then checks that〈
etΘ1α1; etΘ1α2
〉= ((φt )∗α1 ∪ J (φt )∗α2;C(Λ)).
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(3) One can write
π2τ (α1 ∪ Jα2)=
∑
ν∈Z
cνx
2iπν
logq λg ∈H 2τ .
Then, using parts (1) and (2) one checks that 〈etΘ1α1; etΘ1α2〉 = ((φt )∗(c0λg);C(Λ)) and
〈α1;α2〉 = (c0λg;C(Λ)). Since (φt )∗[λg] = et [λg] by Proposition 2(2) one gets the result. 
Now part (3) of the previous lemma implies that
d
dt
(〈
etΘ1α1; etΘ1α1
〉)
|t=0 = 〈α1;α1〉.
Therefore one has:〈(
Θ1 − 12
)
(α1);α1
〉
+
〈
α1;
(
Θ1 − 12
)
(α1)
〉
= 0.
Now if α1 ∈ H 1τ \ {0} is such that Θ1(α1) = ρα1 with ρ ∈ C then one gets ρ − 12 = −(ρ − 12 ).
Thus one gets ρ = 12 which from the equality (φt )∗[λg] = et [λg] as desired.
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Appendix A. Renormalization group flow
We first briefly and informally recall Wilson’s view point following [13, pp. 554 and 557]. We
consider a set S of QFT defined by lagrangians. Let 0 < Λ0 < Λ1 be two scales of momenta.
For each theory L ∈ S , one finds another theory RΛ1,Λ0(L) which is the effective theory at the
scale Λ1 of the original theory L at the scale Λ0.
In terms of Feynman integrals for QFT defined on Rn one can write:∫
B(Λ0)
A(φ)
( ∫
C(Λ0,Λ1)
e−L(φ+η)Dη
)
Dφ =
∫
B(Λ0)
A(φ)e−RΛ1,Λ0 (L)(φ)Dφ
where A is a function of the field φ, and C(Λ0,Λ1) (resp. B(Λ0)) denotes the set of fields
whose Fourier transform has support in the corona {ξ ∈ Rn, Λ0  |ξ |  Λ1} (resp. the ball
{ξ ∈ Rn, |ξ |Λ0}).
Then the renormalization (semi-)group flow is defined by:
∀t ∈ R+, ∀(L,Λ1) ∈ S × R+∗, φt (L,Λ1)=
(
RΛ1,e−tΛ1(L),Λ1e
−t).
Notice that if L is a free lagrangian then φt (L,Λ1)= (L,Λ1e−t ) for any t  0.
In [9] and [10] Connes and Kreimer have developed a mathematical theory of renormalization
of perturbative QFT. Let G be the group of characters of the dual Hopf algebra of the enveloping
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gives rise to a meromorphic loop γ (z) ∈ G,z ∈ C. Connes and Kreimer have shown that the
renormalized theory is the evaluation at the integer dimension z0 of space-time of the holomor-
phic part γ+ of the Birkhoff decomposition of γ for the Riemann–Hilbert problem. Moreover
they view the renormalization group as a subgroup of G. Then, for massless QFT they recover
the action of the renormalization group on lagrangians.
Appendix B. Proof of three results
B.1. Proof of Theorem 4
(1) The path connected components of the foliated space (S,F) are Riemannian foliations.
We are going to adapt to our context the proof of Theorem 1.1 of Alvarez-Lopez and Kordyukov
[2]. We shall only insist on the facts which are not an immediate consequences of the work of [2].
One defines a metric, still denoted g, on S by taking the metric g (of Proposition 2 in Sec-
tion 3) on TF and by requiring that dφt
dt
is orthogonal to TF and of constant length one. For
u,v ∈ N we set:
Ωu,v(S)=H0,+∞
(
S,∧u(TF⊥)∗ ⊗∧vT∗F)
where H0,+∞((S,∧u(TF⊥)∗ ⊗ ∧vT∗F) is defined as in Definition 6. Set Ω∗(S) = H0,+∞(S,
∧∗T∗S). The above metric g and the measure μ of Proposition 2 allow to define a scalar product
on Ω∗(S), denote by L2Ω∗(S) the associated L2-completion.
The de Rham derivative and coderivative on S decompose as sum of bihomogeneous compo-
nents,
d = d0,1 + d1,0 + d2,−1, δ = δ0,−1 + δ−1,0 + δ−2,1,
where each δi,j is the formal adjoint of d−i,−j on S, d2,−1 and δ−2,1 are of order zero. We
recall assumption (ii) in Section 3 and the definition of the leafwise metric g in Proposition 2.
The operator δ is constant with respect to the p-adic variable in each local chart (A˜i,l , Fi,l),
1  i  N,1  l  2, of Section 5.1. Notice also that δ0,−1 is de Rham coderivative along the
leaves of (S,F).
We set:
DF = d0,1 + δ0,−1, F =D2F , D⊥ = d1,0 + δ−1,0.
These three operators are symmetric, DF and F are leafwise elliptic whereas D⊥ is transver-
sally elliptic. Proceeding as in Chernoff [4] one checks that F is essentially self-adjoint on
L2Ω∗(S) and that for each t > 0, e−tF defines a bounded operator on each H0,k(S,∧wT∗S)
(0w  3).
Proposition 9. (1) There exists a zero order differential operator K acting on Ω∗(S) (constant
in the p-adic variable) such that
D⊥δ0,−1 + δ0,−1D⊥ =Kδ0,−1 + δ0,−1K.
(2)
D⊥d0,1 + d0,1D⊥ =K∗d0,−1 + d0,−1K∗.
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denote a foliation chart of (S,F) as in Section 5.1. Denote by Ω∗(U/FU) the basic complex
of basic differential forms ω of C∞-class with respect to (z = x1 +
√−1x2, x) such that the
∂
p1
x1 ∂
p2
x2 ∂
q
x ω(z, x, θ) are continuous with respect to (z, x, θ). Here ∗ = 0,1.
Now we consider the vector field X = dφt
dt
and αX ∈ Ω1(U/FU) such that 〈X;αX〉 = 1.
Denote by θX the bihomogeneous (0,0)-component of the Lie derivative LX acting on Ω∗,∗(U).
The leaves of (S,F) are oriented by their complex structure, let ∗F denote the leafwise Hodge
star associated to the leafwise metric g. We define the operator RU,X acting on Ω0,v(U) by:
RU,X = (−1)(2−v)v[θX,∗F ] ∗F .
Next, for α ∈Ωu(U/FU) and β ∈Ω0,∗(U) we set:
KU(α ∧ β)= (−1)uα ∧ αX ∧RU,Xβ.
As in [2, Section 3], it is clear that each KU is the restriction to U of a globally defined operator
K of zero order which satisfies the required identity of the proposition. 
Denote by ‖‖k a Sobolev norm for the Hilbert space H0,k(S,∧∗T∗S) which is defined as in
Definition 6. Now part (1) Theorem 4 follows clearly from the following six properties which
depend on k ∈ N.
(i) There exists c1,k > 0 such that the bounded operator e−tF on H0,k = H0,k(S,∧∗T∗S)
satisfies
∀t > 0, ‖e−tF ‖k  c1,k.
(ii) The operator DFe−tF defines a bounded operator on H0,k and there exists c2,k > 0 such
that
∀t > 0, ‖DFe−tF ‖k  c2,k√
t
.
(iii) The operator Fe−tF defines a bounded operator on H0,k and there exists c3,k > 0 such
that
∀t > 0, ‖Fe−tF ‖k  c3,k
t
.
(iv) The operator e−tF is strongly convergent in H0,k as t → +∞. Moreover (t, φ) 	→
e−tFφ defines a continuous map: [0,+∞]×H0,k →H0,k .
(v) We have
H0,k = ker(F in H0,k)⊕ clk(imF )= ker(DF in H0,k)⊕ clk(imDF ).
The corresponding projection of H0,k onto ker(F in H0,k) is obviously defined by the orthog-
onal projection Πτ onto the kernel of the unbounded operator defined by F in H0,0.
(vi) There exists c4,k > 0 such that
∀φ ∈H0,+∞, ‖d0,1φ‖k + ‖δ0,−1φ‖k  ck,4‖DFφ‖k.
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ker(DF in H0,k)= ker(d0,1 in H0,k)∩ ker(δ0,−1 in H0,k),
clk(imDF )= clk(imd0,1)⊕ clk(im δ0,−1).
These six properties are proved by induction on k ∈ N, using Proposition 9 and proceed-
ing exactly as in [2, Section 2]. Therefore, the projection Πτ is continuous on H0,+∞ =
H0,+∞(S,∧∗T∗S) and (t, φ) 	→ e−tFφ defines a continuous map [0,+∞] × H0,+∞ →
H0,+∞.
(2) Denote, for j ∈ {0,1,2}, by Hj0,+∞ the reduced leafwise cohomology group associated
with H0,+∞(S,∧j T ∗F). Part (1) allows to identify Hjτ,0,+∞ with Hj0,+∞ on which (φt )∗ acts
naturally. One then gets easily the result.
B.2. Proof of Proposition 5
Part (1).
Lemma 11. For any p ∈ N and t ′ > 0, the operator ∫
R
α(s)(φs)∗ ds ◦ e−t ′jF sends H0,−p(S,
∧j T ∗F) into H0,p(S,∧j T ∗F). Recall that jF denotes the leafwise signature laplacian acting
on leafwise differential forms of degree j ∈ {0,1,2}.
Proof. The proof proceeds exactly as in [3, Section 6.1]. Here we just explain the main idea
in the special case where all the ψtx = Id so that φt (l, x) = (l, xe−t ). Let us check for in-
stance that
∫
R
α(s)(φs)∗ ds ◦ e−t ′jF sends H0,0(S,∧j T ∗F) into H0,2(S,∧j T ∗F). The operator∫
R
α(s)(φs)∗ ds ◦jF ◦ e−t
′jF is clearly bounded, so we have to check that the operator
∂2x ◦
∫
R
α(s)(φs)∗ ds ◦ e−t ′jF
is bounded on H0,0(S,∧j T ∗F). Using an integration by parts, one checks that
∂x ◦
∫
R
α(s)(φs)∗ ds = 1
x
∫
R
dα
ds
(s)(φs)∗ ds
which is clearly bounded on H0,0(S,∧j T ∗F). Then one checks that
∂2x ◦
∫
R
α(s)(φs)∗ ds = 1
x2
∫
R
(
−dα
ds
(s)+ d
2α
ds2
(s)
)
(φs)∗ ds
which is clearly bounded on H0,0(S,∧j T ∗F). This proves the result. 
Lemma 12. For any t, t ′ ∈ R+∗, one has:
e−t ′F ◦Rt =Rt ◦ e−t ′F .
Proof. Recall that the metric g˜ (see assumption (ii) in Section 3) is constant with respect to the
p-adic variable and that the leafwise metric is given by g = ( g˜ ). Then one checks easily that Fx
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(F˜−1l e
−tp,T F˜l)β˜l .
See Definition 7. This proves the result. 
In the open subset S1 =Π(L×]q1/2, q[) L×]q1/2, q[ of S (see Proposition 2), the transver-
sal p-adic laplacian p,T is naturally defined. Therefore, one can define as in Definitions 6 and
5 the Sobolev spaces Hk,k′(S1,∧jT∗F) for any k, k′ ∈ Z.
The proof of part (1) of Proposition 5 is an easy consequence of Lemma 12 and of the follow-
ing proposition.
Proposition 10. There exists  > 0 such that for any (k,p, j) ∈ N × N × {0,1,2}, for any u ∈
C∞c (]−, [,R) and any (t, t ′, s′) ∈ R+∗ × R+∗ × R:
(1) The operator∫
R
u(s)(φs)∗ ds ◦ e−t ′jF (F˜−11 e−tp,T F˜1)β˜1
sends H−k,−p(S1,∧jT∗F) into Hk,p(S1,∧jT∗F).
(2) The operator
(φs
′
)∗
∫
R
u(s)(φs)∗ ds ◦ e−t ′jF (F˜−11 e−tp,T F˜1)β˜1
is trace class. The same results hold for Π(L×]q−1/10, q2/3[) instead of S1 =Π(L×]q1/2, q[).
Proof. (1) In a local foliated coordinate chart (A˜i,l , Fi,l) considered before Definition 6, the
Schwartz kernel of (F˜−11 e−tp,T F˜1)β˜1 (with respect to the measure μ defined in Proposition 2)
is of the form:∑
χ∈Ẑmp
〈χ, θ ′ − θ〉e−t |χ |2δz′=zδx′=xβ1(x).
This operator clearly sends H−k,−p(S1,∧jT∗F) into Hk,−p(S1,∧jT∗F). We choose  > 0 small
enough so that
∫
R
u(s)(φs)∗ ds ◦e−t ′jF sends any element of Hk,−p(S1,∧jT∗F) having support
in Π(L× suppβ1) into an element having support in Π(L×]q1/2, q[). The proof of Lemma 11
shows that
∫
R
u(s)(φs)∗ ds ◦ e−t ′jF sends any ω ∈ Hk,−p(S1,∧jT∗F) with support in Π(L×
suppβ1) into Hk,p(S1,∧jT∗F). This proves the desired result.
(2) is an immediate consequence of (1). 
Proof of part (2) of Proposition 5.
Proceeding as in the proof of Lemma 3.3 of [1] one checks easily that
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ ds ◦Rt ◦ e−t ′
j
F
does not depend on t ′ > 0. The proof of part (1) of Proposition 5 shows that for any k ∈ N one
can find k′ ∈ N such that
lim′ (e
−(t ′−1)F − πjτ )= 0 in B
(
H0,−k(S,∧jT∗F),H0,−k′(S,∧jT∗F)
)
.t →+∞
E. Leichtnam / Bull. Sci. math. 131 (2007) 638–669 667Now consider:∫
R
α(s)(φs)∗ ds ◦Rt ◦ e−F ◦ (e−(t ′−1)F − πjτ ).
Then, proceeding as in the proof of Lemma 3.2 of [1] and using arguments of the proof of
Proposition 10 one checks that, for fixed t > 0, the following two facts hold.
First:
the operator
∫
R
α(s)(φs)∗ ds ◦Rt ◦ e−F ◦ πjτ
is trace class. The arguments given in Section 7.1 show that e−F ◦ πjτ = πjτ . Recall that, by
Proposition 4: Rt ◦ πjτ = πjτ . So one gets: Rt ◦ e−F ◦ πjτ = πjτ .
Second:
lim
t ′→+∞
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ ds ◦Rt ◦ e−t ′
j
F =
2∑
j=0
(−1)jTR
∫
R
α(s)(φs)∗ ds ◦ πjτ .
Then, one gets the desired result.
B.3. Proof of Proposition 6
We follow the arguments of the proof of Theorem 1.2 and Proposition 4.3 of [1]. They con-
sider the case of L×R+∗
Γ
where Γ is a subgroup of R+∗. In our case, the situation is simpler since
Γ = qZ and R+∗
qZ
is a smooth manifold. But the fact of replacing the manifold L by a laminated
space L introduces some differences.
For any β ∈H0,+∞(S,∧jT∗F) one has:
(πjτ β)
([l, x])= ∫
L[l,x]
Kjτ
([l, x], [l′, x])β([l′, x])λg˜μL([l′, x])
where L[l,x] denotes the L-leaf containing [l, x] ∈ S and Kjτ is a certain function on
{([l, x], [l′, x]) ∈ S2/l, l′ ∈ L, x ∈ R+∗}. Refer to Lemma 6 for the definition of λg˜μL. One
sets:
TRΛπjτ =
∫
S
Tr
(
Kjτ [l, x], [l, x]
)(
λg˜μL
dx
x
)([l, x]).
Then Connes’s Euler characteristic is defined by χΛ(F)=∑3j=0(−1)jTRΛπjτ .
Proposition 6 is then a consequence of the following lemma:
Lemma 13. Let α ∈ C∞c (]− logq4 , logq4 [,R).
(1) For any β ∈H0,+∞(S,∧jT∗F) one has:∫
R
α(s)(φs)∗ds ◦ πjτ (β)
([l, x])
=
∫
R+∗
∫
L
Kjτ
([l, y], [l′, y])β([l′, y])λg˜μL([l′, y])α(logx − logy)dy
y
.[l,y]
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TRΛ
∫
R
α(s)(φs)∗ ds ◦ πjτ = α(0)
∫
S
Tr
(
Kjτ [l, x], [l, x]
)(
λg˜μL
dx
x
)([l, x]).
Proof. (1) Recall that here φt ([l, x]) = [l, xe−t ]. Since R+∗
qZ
is smooth and the support of α is
contained in an interval of length l with el < q , one gets the result by an easy computation. Part
(2) is an easy consequence of (1). 
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